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1 Introduction. 

The goal of this paper to present self-contained account of the ODE-type proofs 



from [ES, MS , |S[ of the existence and uniqueness of the Navier-Stokes systems 
with periodic boundary conditions on the plane. Mattingly and Sinai called their 
proof elementary (see title of [|MSt| ), but their proof was ODE-type (elementary 
in their sense) only up to the moment of getting the trapping regions for all 
Galerkin projections, but to pass to the limit with the dimensions of Galerkin 



projections they invoked the now standard results from CF, |DG| , flj (which are 



not elementary in any sense), which are usually not mastered by the researchers 
working in dynamics of ODE's, to which this note is mainly addressed. Here we 
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fill-in this gap by giving ODE- type arguments, which allow to pass to the limit. 
Using ODE-type estimates based on the logarithmic norms we also obtained 
uniqueness and an estimate for the Lipschitz constant of evolution induced by 
the Navier-Stokes equations . In fact we have proved that on the trapping region 
we have semidynamical system. The results we prove here are well known for 

[K|, |DT]]), but the method 



Navier-Stokes system in 2D (see for example [ FT , 

of getting estimates on Galerkin projections presented in section ^| appears to 
be new. 

Another goal of this paper is to prepare the ground for the rigorous study 
of the dynamics of the Navier-Stokes equations with periodic boundary con- 
ditions. The trapping regions described here are particular examples of the 
self-consistent apriori bounds introduced in | ZM | for the rigorous study of the 
dynamics of the dissipative PDE's. 

A few words about a general construction of the paper: In sections || and 



we recall the results from [ES, MS, |3[ about the trapping regions. Sections 
and U contain ODE-type proofs of the convergence of the Galerkin scheme on 
trapping regions. The remaining sections contain the existence results for the 
Navier-Stokes equations on the plane and the Sannikov and Kaloshin |s| result 
in the dimension three. 



2 Navier-Stokes equations 

The general d-dimensional Navier-Stokes system (NSS) is written for d unknown 
functions u(t, x) = (ui(t, x), . . . , Ud(t,x)) of d variables x = [x\, . . . , Xd) and 
time t and the pressure p(t, x). 

dui A 3u, dp (i) 

k— 1 

div u = y ^ = (2) 

f-f OXi 

2—1 

The functions f( % > are the components of the external forcing, v > is the 
viscosity. 

We consider (Q),© on the torus T d = (M/27r) <i . This allows us to use Fourier 
series. We write 

u(t,x) = J2 u k (t)e^\ p(t,x) = Y, Pk(t)e^ (3) 
fceZ fceZ 

Observe that Uk(t) € M d , i.e. they are d-dimensional vectors and Pk(t) € K. We 
will always assume that fo — and uq — 0. 

Observe that (||) is reduced to the requirement Uk-Lk. Namely 

divu= i{k,u k {t))e l{k ^ x) =0 
kel d 
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(k,uk) = keZ d 

To derive the evolution equation for Uk (t) we will compute now the nonlinear 
term in (0). We will use the following notation Uk = (ttfc,i, ■ ■ • , Uk.d) 



Z \ki,2 / \ k 2 



2,iu k2 e 1 ^ = (4) 



We obtain the following infinite ladder of differential equations for Uk 

= -i^(ufe 1 |fc)ufe_ fel - t/fc 2 u fe - ip k k + f k (7) 
fei 

Here fk are components of the external forcing. Let rife denote the operator of 
orthogonal projection to the (d— f )-dimcnsional plane orthogonal to k. Observe 
that since (uk,k) = we have rifeUfe = u k - We apply the projection rife to (Q). 
The term pkk disappears and we obtain 

= -i y^ttfc! \k) n k Uk-kt - vk 2 u k + n k fk (8) 
fei 

The pressure is given by the following formula 

- i^2(u kl \k)(I - n k )uk- kl -ip k k+(I -n k )fk = (9) 
fei 

Observe that solutions of (^) satisfy incompressibility condition (uk, k) = 0. 
The the subspace of real functions, which can be defined by TT-k = Uk for all 
k € Z d , where by z for z 6 C we denote the conjugate of z, is invariant under 
(||). In the sequel we will investigate the equation (g) restricted to this subspace. 

Definition 1 Enstrophy of {uk, k S Z d } is 

V({u k , keZ d })= l fc l 2 l Mfe l 2 

keZ" 



3 Construction of trapping regions from [jES 
[fvTSl 



The idea in |l| is to construct a trapping region for each Galerkin projec- 
tion and this trapping region give uniform bounds allowing passing to the limit. 
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The trapping region for an ODE (here Galerkin projection of Navier-Stokes 
equations) is a set such that the vector field on its boundary is pointing inside, 
hence no trajectory can leave it in forward time. In the sequel we consider 
only the Galerkin projection onto the set of modes O, such that if k € O then 
—k G O. We will call such projections symmetric. 



Lemma 1 d = 2. For any solution of (j^) (such that all necessary Fourier 
converge) or the symmetric Galerkin projection of (J^j we have 

dV{U d f )} < -2W({u k {t)}) + 2V(FWV({u k (t)}), 



series 



(10) 



where V(F) = ^YWE- 

The proof can be found in many text-books, see also g. 
The inequality (|l(]) shows that 

^(*)} <0) when V>V=(*Y (11) 



dt \ v 



Lemma 2 Assume that {u k , k £ Z, d } is such that for some D < oo, 7 > 1 + ^ 



K| < — , and V({u k }) < V 

k^ 



then for d > 3 



fei 



cVVqD 



(12) 



(13) 



where constant C depends only on 7 and dimension d and for d — 2 for any 
e > 



I y^itfcjfc) n fe ufc-fcj < 



(14) 



Proof: 

In order to estimate the sum | J2 kl ( u ki \k) rife u k _ kl | we will use the following 
inequality 

|(ukjfc) rife Ufc-fcJ = |(«fei|A; - ki) rife ttfe-fej < |ttfej \k-ki\ (wfe-fej (15) 

We consider three cases. 
Case I. |fci| < 

Here \k - fci| > ||fc| and therefore |n fe _ fel | |fc - < lk _ k D ± \-,-i < jj^S - 
Now observe that 



E Kl= E lfelKI|^r<vSfe 



2 KI 2 - 



lfell<llfel 



\ 1*1 1 



<i|fe| 
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The sum X^|fei|<i|fe| jfcTp can be estimates from above by a constant times 
an integral of 4^ over the ball of radius with the ball around the origin 
removed. Hence for d = 2 we have 



ifcii<iifei 

For d > 3 we have 



(17) 



^ 1 /-|k|/2 r <i-U r 

ikii<iifci 1 1 

From all the above computations it follows that for d > 3 holds 



I Mk)n k u k _ kl \<-—^/VoVc\k\- 1 = — — ^ — 
|fcii<^ 1,2 

For d — 2 we have 



(19) 



97-I n /~i /T7 - n 

2 KJfc)n feMfe _ fc J<^^ v ^VcVirrW<^pb (20) 



lfcd<^- 



Case II. < |fci| < 2\k\. 



D D 2^D 

lUkA< w\ < j^y = w (21) 



Hence 



^ |u fel | • K- fcl | • |fc- fci| < — Y Wk-kA ■ \k- fci| (22) 

i|fc|<|fel|<2|fe| i|fe|<|fc 1 |<2|fe| 

We interpret Si|fe|<|fe 1 |<2|fe| l w fe-fcil - l^ _ ^i| as a scalar product of |« fc _ fel |-|fc-fci| 
and 1, hence by the Schwarz inequality 



^ K_ fel Hfc-fci|< / Yl M\ki\ 2 -^/c(m) d , (23) 
i|fei<ifeii<2|fe| yifeii<3|fci 

where C is such that C(3|fc|) d is greater or equal than the number of vectors in 
Z d , which are contained in the ball of radius 3|fc| around the origin. 
Finally we obtain 



]T Kl-K- fcl |^fc-fei|< 27 ,^_V (24) 



I|fc|<|fc 1 |<2|fe| 
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Case III. |fci| > 2\k\. Here we \k - h\ > \k\. 

\ukA\ k - fciiiwfe-feii < i^fejifcip - fciiiufc-fej < 



\ ifei 



E 



D 2 



>2\k 



\h\ 2 -<- 2 



V D 



\k\ 



l> ifcii 2 -'- 2 



\ |fei|>2|fc| 



To estimate X^|fe 1 |>2|fe| [fcTP^ observe that we have (we denote all constant 
factors depending on 7 by C) 



E 

|fei|>2|fe| 



L m j^ ddh=c C^ rddr= 



C 



-(27-2-d+i) 



2|fc| 



■C\k\ 



-27-2-d 



Observe that we used here the assumption 7 > 1 + |, which guarantees that 
27— 2 — g? + 1 > 1 so the integral converges. 
Hence for the case III we obtain 



E- 



< 



%DC 



\k[ 



Adding cases I, II, III we obtain for d > 3 

I y^(u kl \k) n k u k -kA 



< 



fei 



Cy%D_ 

\kp~i 



For d = 2 we obtain 



VKi \k) n k Ufc _ fcl I < d 
■ — ■ \k\< 2 



(25) 



(26) 



(27) 



fci 



Lemma 3 Assume that 7 > d, then 



feieZ \{o,fe} 
Proof: We consider three cases 

. I ^ _ 



V 1 < g Q^7) , 2R v 

^ lAilTlfc-Ail-r " |jfe|7 1 ' 



Case I. |fci| < ^, hence |fc - fci| > JM 
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We have 

V v J_2^_ JP_ r r d - 1 

The improper integral ^—p^-dr converges, because 7 > d. 
Hence 

y, < C I {d, 1 ) 



\k\' 
\kl\<^ 



Case II. JM < |jfe x | < 2|fe|. 



V — V 1 

l|i<|fei|<2|fe| lM<|fc 1 |<2|fc| 

2 7 .r-^ 1 2 7 f°° r d ~ x 

Hence 

^ |fc| 7 

J|i<|fel|<2|fc| 



Case III. 2|fc| < |fci|, hence |fc - k x \ > |fc| 
^2 < TfcFr X] 



1 < a /w (d,7) 



j; i?| |fc| 7 ^N 7 |fc| 7 



3.1 The construction of the trapping region I. 

We take V > V*, 7 > 2.5 and K such that / fc = for |fe| > K. We set 

N(Vo,K,<y,D) = Uu k }\V({u k })<V , \u k \ < |fc| > x| (29) 

We prove that 

Theorem 4 Let d — 2 and (7(7) &e a constant from lemmafy. If K > C Ji® and 
D > vVoif 7_1 ; then N = N(Vq, K, 7, D) is a trapping region for each Galerkin 
projection. 

Proof: Observe that for D > y/VoK^- 1 for all {u k } E N holds 

Kl < ^7- (3°) 
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To prove this observe that ( |30| ) holds for \k\ > K by the definition of N . For 
|fc| < K we proceed as follows: since V({uk}) < Vo then |fc| 2 |ufc| 2 < Vo. So we 
have 

Kl<^<^, |*|<* (3D 

for D such that VV^lkp- 1 < D for all |fc| < K. 

We will show now that on the boundary of N (we are considering the 
Galerkin projection) the vector field is pointing inside. For points V({uk}) = Vo 
it follows from (|TT|). For points such that Uk = p^V for some \k\ > K we have 
from lemma |2] (with e = 1/2) 

d\u k \ C^J%D .,.,£> 

which is satisfied when 

Cy/%< i/|fc| 1/2 . (33) 

Observe that (51 holds for Ijfel > K if if > ^p-. 



Remark 1 Observe that in the proof it was of crucial importance that the con- 
stant D entered linearly in the estimate in lemma |j and due to this fact did not 
appear in ^3^). For example assume that the estimate of the nonlinear part will 
be of the form ~~5 then instead of ( p?j[ ) we will have 

CD < u\k\ x / 2 

which will require that K > c f , which might be incompatible with D > 

x TTTA ' '. 

This shows how important it was to use the enstrophy in these estimates. 



3.2 The construction of the trapping region II - exponen- 
tial decay 

Theorem 5 Assume that 7 > 2.5, d = 2. Then the set 

N e = N(V ,K, 7) D) n I K| < ^e~ aW for \k\ > K e | , (34) 

where N(Vq, if, 7, D) is a trapping region from theorem ^ D2 > D, K e > 
CQ{d,~j)D 2 was ^ a j ne( ^ i n l ernrna ^ an d < a < In ^ is a trapping 

region for each Galerkin projection. 

Proof: The set N e constructed so that for all \k\ < K e the trapping (the vector 
field is pointing toward the interior of N e on the boundary) is obtained from 
N(Vq, K, 7, D) and for \k\ > K e it results from the new exponential estimates. 
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Observe that a is such that p^_e~ a l fe l > ^ for all \k\ < K e . This solves 
the trapping for \k\ < K e . 

Hence to prove the trapping it is enough to consider the boundary points 
such that |ufc| = pq^e _a ' fc for some k > K e . For such a point and \k\ we have 

< I^Ki \k) n fe u k - kl | - v\k\ 2 \u k \ < 

\u k -i\\k\\u {k _ kll \ - u\k\ 2 \u k \ < D 2 2 \k\ J2 ^ClTlfc-fc^ 1 ' " Hfc|2|Ufc| 
Observe that e - a l fc il e - a l fc - fe il < e~°l fe l. From this and lemma || we obtain 
^<^Ae-^-,\k\ 2 \u k \ 



Hence < 0, when 

| u , I - ^l e -«lfcl > C Q D % c -«i*i 

I fc '"|fc|7 e > ^|fc|7+i e 

Which is equivalent to 



3.3 Trapping region III - exponential decay in time 

Theorem 6 Let to > 0. Assume that 7 > 2.5, d = 2. TTiera £/ie sei 

AT e = Ar(y ,ir, 7 ,D)n|{ Ufe } I K| < i^e- 03 ^* /or |fc| > *T e j , (35) 

where N(Vo,K,j,D) is a trapping region from theorem ^ D3 > D, K e > 
D3Co(d,y) was ^ a j nec i j n l emma ^) an d < 03 < J ^. 1 to In is a trapping 

region for each Galerkin projection for < t < to . 

Proof: The set N e constructed so that for all |fc| < K e the trapping is ob- 
tained from N(Vq, K, 7, D) and for |fc| > K e it results from the new exponential 
estimates. 

To be sure that the boundary of N e for \k\ < K e is obtained from 
N(Vq, K, 7, D) we require that 

< T^-e- a3|fe|t , for < t < t and Ifcl < K e . (36) 
\k\f \k\-y - - u K J 

Easy computations show that p6] ) holds iff 03 < j^-^ In . 
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To have the trapping for \k\ > K e we need to show that^j^ < if |tt*| 
y^_e" a3t , for some < t < t and \k\ > K e ). 

d\uh\ 



dt ~ ^2 Kill fc IK-fcil - v\k\ 2 \u k \ < 

p-az\ki t — aa\k— ki \t 

l^3 2 E |fcl|7|fc _ fcl|7 -^l 2 KI< 



Hence %i < if 



which is equivalent to 

^ < |fc|. (38) 
Hence for K e > 3 Q we obtain the trapping. I 

4 Passing to the limit for Galerkin projections 
via Ascoli-Arzela lemma 

The goal of this section is a relatively simple argument for the passing to the 
limit with Galerkin projections. 



All what follows was essentially proved in [ZM]. We will also use some 
conventions used there. 

Let H be a Hilbert space. Let <f>\, <j>2, ■ ■ ■ be a orthonormal basis in H . 

Let A n : H — > H be denote the projection onto 1-dimensional subspace (4> n ), 
i.e x = A n (x)(f> n for all x £ H . By V n we will denote the space spanned by 
{0i, . . . , <j)n\. Let P n denote the projection onto , Q n = I — P n . 

Definition 2 Let W C H and F : dom(H) — ► H . We say that W and F satisfy 
conditions C1,C2,C3 if 

CI There exists M > 0, such that P n {W) C W for k > M 

C2 Let itfc = max-rgiy |Afcac|. Then, u — ^2 ilk € H . In particular, \u\ < oo. 

C3 The function x i— » -F(a^) is continuous on W . The sequence f = {fk}, given 
by fk = m&x xe w \A k F(x)\ is in H. In particular, \f \ < oo. 
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Observe that condition C2 implies that the set W is compact. Conditions 
C2 and C3 guarantee good behavior of F with respect to passage the limit. We 
have here continuous function on the compact set, this is also perfect setting for 
study the dynamics of x' = F(x) (see pMj for more details). 



Lemma 7 Assume that W C H and F satisfy C1,C2,C3. Let x : [0,T] -> W 
be such that for each n 



dj\.ji x 
dt 



A n (F(x)). 



(39) 



The 



x = F(x). (40) 
Proof: Let us set Xk = A k x. Let us fix e > and t E [0, T]. For any n we have 

P n x(t + h)- P„x(t) 



x(t + h)~ x(t) 



F(x) 



< 



T ^2 ( x k{t + h) - x k (t))(j) k 



k=n+l 



P n F(x) 



\QnF{x) 



(41) 



(42) 



We will estimate the three terms on the right hand side separately. From C3 it 
follows for a given e > there exists n such that n > Uq implies 

\Qn(F(a))\ < e/3. 

From now on fix n > hq. Again C3 and the mean value theorem implies 



OO 

j(xk(t + h) - x k {t))4> k 



k=n+l 



Finally, for h sufficiently small, 
1 



OG j 



k=n+l 



< 



2_j ^ k ^ k 



k=n+l 



< e/3. 



(P n x(t + h)- P n x(t))<t> k - P n F{x) 



< e/3 



and hence the desired limit is obtained. 



Lemma 8 Assume that W C H and the function F satisfy C1,C2,C3. Let 
xq G W. Assume that for each n a function x n : [0,T] — > P n (W) is a solution 
of the problem ( Galerkin projection of x' = F(x) ) 

x n = P n (F(x)), x„(0) = P n (x ). (43) 

Assume also that x n converges uniformly to x* : [0,T] — > W. 
Then x* solves the following initial value problem 

x' = F{x), x(0) = x (44) 
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Proof: We show first that for all n and t £ [0, T] holds 



P n x*(t) = P n x + f P n F(x*(s))ds. (45) 
Jo 

Let us fix n. Observe that for each m > n the following equation holds 

P n x m (t) = P n xo + { P„F(x m (s))ds (46) 



Since the series x m converges uniformly to x* , then also P n x m converges uni- 
formly to P n x* . Observe that also the functions P n F(x m ) converge uniformly to 
P n F(x*) as the composition of the uniformly continuous function P n F (because 
F is a continuous function on the compact set W) with a uniformly convergent 
sequence, hence also the integral in ( filf ) is converging (uniformly in t £ [0, T]) 
to f*P n F(x*(sj). This proves @. Differentiation of (g§) gives 

dP r* 

^=P n F(x*). (47) 
The assertion follows from lemma [t] I 



Theorem 9 Assume that W C H and the function F satisfy CI, C2, C3. Let 
xq £ W. Assume that for each n a function x n : [0, T] — > P n (W) is a solution 
of the problem ( Galerkin projection of x' = F(x) ) 

x' n = P n (F(x)), x n (Q) = P n {x ). (48) 

Then there exists x* : [0, T] — > W , such that x* solves the following initial 
value problem 

x' = F(x), x(0) = x Q (49) 

Proof: The idea goes as follows, we would like to pickup a convergent sub- 
sequence from {x n } using Ascoli-Arzela compactness theorem. Later we show 
that the limit function x* solves (jrgj) . 

Observe first that due to compactness of W and since x n (t) £ W for t £ [0, T] 
the sequence {x n } is contained in a compact set. Observe that the derivatives 
x' n (t) are uniformly bounded by |F(W)|, hence the sequence of functions x n 
is equicontinuous. From Ascoli-Arzela theorem if follows that there exists a 
subsequence converging uniformly to x* : [0, T] — > W. Without loss of generality 
we can assume that the whole sequence x n is converging uniformly to x*. It is 
obvious that x*(0) = xq. The assertion of the theorem follows from lemma ffl. I 



5 Passing to the limit, an analytic argument 

The goal of this section is to present another argument for the limit of Galerkin 
projections. Compared to section H we assume more about the function F 
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and we add a new condition D on the trapping regions, which are satisfied for 
the Navier-Stokes system and the trapping regions constructed in section 0. We 
obtain better results about convergence plus uniqueness and Lipschitz constants 
for the induced flow. 

We will use here the notations introduced in section [l| We investigate the 
Galerkin projections of the following problem 

x =F(x) = L(x) + N(x), (50) 

where L is a linear operator and N is a nonlinear part of F. We assume that 
the basis fa, (fa, ... of H is build from eigenvectors of L. We assume that the 
corresponding eigenvalues (i.e. Lfa = Xk4>k) can ordered so that 

^i > ^2 > ■ • ■ , and lim = — oo. 

k — >oo 

Hence we can have only a finite number of positive eigenvalues. 

5.1 Estimates based on logarithmic norms 

The goal of this section is to recall some results about one-sided Lipschitz con- 



stants of the flows induced by ODE's. We will invoked here results from [HNW| 



Definition 3 / HNW , Def. 1.10.4] Let Q be a square matrix, then we call 

\I + hQ\\ - 1 



u(A) = lim 

h>0,h^0 



the logarithmic norm of Q. 



Theorem 10 [HN_W, Th. 1.10.5] The logarithmic norm is obtained by the fol- 
lowing formulas 

• for Euclidean norm 

fi(Q) — the largest eigenvalue of 1/2(Q + Q T ). 

• for max norm \\x\\ = maxj \xk\ 

H(Q) = max \q kk + ^ \qu 

• for norm \\x\\ = Y^k \ x k\ 



A*(<9) = max \ qu + ^2 \ qki 

k^i 
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Consider now the differential equation 

x' = f(x), feC 1 . (51) 

Let (p(t,xo) we denote the solution of equation ( |5l| ) with the initial condition 
x(0) = xq. By 1 1 a; 1 1 we denote a fixed arbitrary norm in M n . 

The following theorem was proved in [HNW, Th. 1.10.6] (for nonautonou- 
mous ODE, here we restrict ourselves to an autonomous case only and we use 
a different notation) 

Theorem 11 Let y : [0, T] — > 1" and ip(-, xq) is defined for t £ [0, T] . Suppose 
that we have the following estimates 

<*(<), forfje[y(t),x(t)} 



|(*) "/(»(*)) 



Then for < t < T we have 



<6(t), \\y(0) - x \\ < p. 



\W, x Q ) - y(t)\\ < e L ^ (p + J e- L ^S(s)d S ^j , 

where L(t) — J^l(s)ds. 

From the above theorem one easily derives the following 

Lemma 12 Let y : [0, T] — > M n and <p(-,xo) is defined for t € [0,T]. Suppose 
that Z is a convex set such that we have the following estimates 

y([0,T}),ip([0,T],x )eZ 



dy 
dt 



(*)-/(»(*)) 



<S, \\y(Q) - x \\ < p. 



Then for < t < T we have 



\\tp(t,x )-y(t)\\ <e lt p + 6 



eft - 1 



, if 1*0. 



Forl = 



\\cp(t,x )-y(t)\\ <p + 5t. 



5.2 Application to Galerkin projections - uniqueness and 
another proof of convergence 

Definition 4 We say that W C H and F = N + L satisfy condition D if the 
following condition holds 
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D there exists I £ K such that for all k = 1,2, . 



1/2 E 

i=l 



9a;,; 



(W) + l/2^ 



cW 4 



(W) + A fc < I 



(52) 



The main idea behind the condition D is the ensure that the logarithmic 
norms for all Galerkin projections are uniformly bounded. 

Theorem 13 Assume that W C H and F satisfy conditions C1,C2,C3,D and 
W is convex. Assume that P n (W) is a trapping region for the n-dimensional 
Galerkin projection of Mu) for all n > Mi . Then 



Uniform convergence and existence For a fixed xo £ W, let x n : 

[0, oo] — ► P n (W) be a solution of x' = P n (F(x)), x(0) — P n Xo- Then x n 
converges uniformly on compact intervals to a function x* : [0, oo] — > W, 
which is a solution of (p0\) and x*(0) = Xq 



2. Uniqueness within W. There exists only one solution of the initial value 

problem (pZ|j, x(0) = Xq for any xq £ W , such that x(t) £ W for t > 0. 

3. Lipschitz constant. Let x : [0, oo] — > W and y : [0, oo] — > W be solutions 

of (5C), then 

\y(t)-x(t)\<e lt \x(0)~y(0)\ 

4. Semidynamical system. The map (p : R+ x W — > W, where <p(-,xo) 

is a unique solution of equation such that ip(0,xo) = xq defines a 

semidynamical system on W , namely 

• ip is continuous 

• tp(0, x) = x 

• ip(t, (p(s, x)) = ip(t + s, x) 

Proof: By \x\ n we will denote |P„(ir)|, i.e. Euclidean norm in M. n . 
Let 

S n - max|P n (F(a;)) - P n (F(P n x))\. 

Obviously S n — * for n — > oo, because F is uniformly continuous on W and 
P n W C W, for n > M. 

Let us consider the logarithmic norm of the vector field for the n-dimensional 
Galerkin projection. We will estimate it using the euclidean norm on P n H = 
R n (which coincides with the norm inherited from H). Since 



dP n {L + N) 



_ d(xi 



+ SijXj, 



(53) 



we need to estimate the largest eigenvalue of the following matrix, Q n (x) for 
x£P n {W), 



ldN if . ldNj. , . . , . . 1 
!n,ij{x) = o-^T-W + 2~dx~( x > + ij jl h3 = h- 



2 dxj 



(54) 
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where £y is a Kronecker symbol, i.e. <5y = 1, if i = j and <5y = otherwise. 

To estimate the largest eigenvalue of Q„ we will use the Gershgorin theorem 
(see [QSS, Property 5.2]), which states that all eigenvalues of a square n x n- 
matrix A, a (A), satisfy 

a(A) C U? =1 {z e C 



\z-Ajj\ < E^ijtAAiA}. 



(55) 



From above equation and condition D it follows immediately that eigenvalues 
of Q n are less then or equal to l n , where 



L = max max > 1/2 
k=i,...,n xeP n W ^ V 

i=l 



(:r) 



1/2 



m 

dxh 



(,:) 



(56) 



From the assumption D, it follows that we have uniform bound on l n , namely 

In < I, for all n. (57) 

Let us take m > n. Let x n : [0, T] — > P„W and x m : [0, T] — > PmVF be the 
solutions of n- and m-dimensional projections of (|50|). From lemma [l2| it follows 
immediately that (we treat here P n x m as a perturbed 'solution' y) 



\x n {t) - P n (x m (t))\n < e lt \x n (0) (0)1 + 



l 



(58) 



To prove uniform convergence of {x n } starting from the same initial condi- 
tion observe that 

K(t) - X m (t)\ < \x n (t) - P„(x m (t))\ n + 1(7 - P n )a!m(*)| < 



+ \{I - P n )x m (t)\ <5, 



+ \(I-P n )W\ 



This shows that {x n } is a Cauchy sequence in C([0, T], H), hence it converges 
uniformly to x* : [0, T] — > W. From lemma || it follows that ^ = F(x). 

Uniqueness. Let x : [0, T] — * VF be a solution of (150) with the initial 
condition x(0) = a; . We will show that x n converge to x. We apply lemma [l2] 
to rt-dimensional projection and the function P n x(t). We obtain 



(t) - P n (x(t))\ n < 6 n - 



1 



I 



(59) 



Since the tail (I — P n )x(t) is uniformly bounded we see that x n — > x uniformly. 

Lipschitz constant on VF. From equation ([58]) applied to m = n for 
different initial conditions (we denote the functions by x n and y n and the initial 
conditions Xq and yo) we obtain 



|a?n(*) - Vn(t)\ < e lt \P n x - P n y \ + 5 n - 



- 1 



Let x n — > x and y n — * y. Then passing to the limit in (|6C|) gives 

\x(t) - y(t)\ < e lt \x - y \. 
Assertion 4 follows easily from from the previous ones. 



(60) 
(61) 
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6 Existence theorems for Navier- Stokes system 
in 2D 



6.1 Some easy lemmas about Fourier series 

Lemma 14 Let u 6 C n (T , C) and let Uk for k G Z d be a Fourier coefficient of 
u. Then there exists M 

M 

Kl < W 

Lemma 15 Assume that \uk\ < -M^j f or k ^ 7L d . Let n 6 N be such that 

7 — n > d, then the function u{x) — X)j. 6 ^ d u k& %kx belongs to C n (T , C). The 
series 

9SU £ ^ - ^ 



Oxi 1 ■ . ■ X-i Oxi 1 . . . Xi 

kel d 

converge uniformly for < s < n. 

Lemma 16 Assume that for some 7 > 7 a > and D > we have \uk\ < 
£<^± for he Z d \{0}. 

Then the function u(x) = X^^"* Uke lkx is analytic. 

Let H = [{u k } I E fce 

jd |ufe| 2 < 00 j. Obviously H is a Hilbert space. Let 

F be the right side of (||) 

F(u)k = -i y^X u ki \ k ) n fe Uk-ki ~ vk 2 u k + n k f k (62) 
fei 

For a general u € i? we cannot claim that F(tt) G -ff. But when decreases 
fast enough we have the following 

Lemma 17 Let W(D,j) = (u e H \ \u k \ < jj^yj, then 

1. i/7 > |, then W{D, r y) satisfies condition C2. 

2. if j — 2 > I and 7 > d ; i/ien f/ie function F : W(D, 7) ^ H is continuous 

and condition C3 is satisfied on W(D,j). 

3. i/7 > g? + 1, i/ien condition D is satisfied on W{D,^f). 

Proof: To prove assertion 1 it is enough to show that W(d, 7) is bounded, 
closed (obvious) and is is componentwise bounded by some v = {vk}, such that 
v € H . We set v k — rnv • Observe that v € H, because 



00 4— % 

EH^^E^ (63) 
keZ d 71=1 
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and the series converge when 27 — (d — 1) > 1. This concludes the proof of 
assertion 1. 

To prove assertion 2 we can assume that / = (it is just a constant vector 
in H ) . From lemma [| if follows immediately that for u S W we obtain 



\F(u)k\ < 



C 



vD 



< 



D 



|fc| 7 -l |fc|7-2 " |fc|7-2- 



Hence F(u) S W(B,j - 2) C H, when 7 - 2 > f. Hence F(W(D,7)) C 
Ty(.B, 7 — 2). Since the convergence in W(B, 7 — 2) is equivalent to componen- 
twise convergence, the same holds for the continuity. It is obvious that F(u)k 
continuous on W{d, 7), because the series defining it is uniformly convergent, 
hence F is continuous on W(d, 7). 

We prove now assertion 3. Observe that 



dN k 
du kl 



(■|fc) n k u fe _ fcl + (u k - kl \k)n k 



(64) 



We will treat here u k as one dimensional object, but the argument is generally 
correct, i.e. treating u k as a vector will introduce only an additional constant 
and will not affect the proof. We estimate 



dN k 



du kl 



(W)< 



2D\k\ 



(65) 



Hence the sum, S(k), appearing in condition D can be estimated as follows 



S(k) = 1/2 

feiGZ d \{0,fc} 



dN k 



du kl 



D\k\ E 



(W) + 1/2 E 

fcieZ d \{o,fc} 

1 



dN k 



du k 



fcieZ \{o,fe} 



D 



E 



feiGZ d \{0,/c} 



(W) < 



Now observe that 



E 



< 



E 



\k-hp V l fc l 7 

fciGZ d \{o,fc} feieZ d ,fci^o 



= C*(d,7)<oo, for 7 >d (66) 



To estimate the sum J2 kieZ \ {0 , k } W=^ 
stant A, such that 



we show that there exists a con- 



\h\ 



\k-ki 



<A\k\, for k,h S Z d \ {0}, fc 7^ k x . 



(67) 



Observe that for \k-\_\ < 2\k\, ki 7^ 0, fc x 7^ A; we can estimate the denominator 
by 1 hence we have 
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For |fci| > 2\k\ we have 



\k-ki\ 



|fei| |fei 



< 



i _ JM. 



< 2. 



(69) 



So we can take A = 2. 

Now we make the following estimate 



E 



1*1 



fcieZ d \{o,/c} 



fc - ft 



TF^I E Ifc-fcVi <^(d, 7 -l)|fc|, (70) 



fclSZ \{0,fe} 



provided 7 — 1 > d. 

So we have S(fc) < {DC{d,i) +ADC(d, 7 - 1)) |ft| and since A fc = -^|fc| 2 , 
we see that I satisfying condition D exists. I 



6.2 Existence theorems 

We set the dimension d — 2. We again assume that the force / is such that 
ft — for |fc| > K (in MS|) more general force is treated. 

Observe that from lemma [l7] it follows that to have conditions CI, C2, C3, 
D on the trapping regions constructed in section [5] we need 7 > 3. 

Theorem 18 If for some D and 7 > 3 

M°)l < ^ ( 71 ) 

then the solution of (j^) is defined for all t > and there exists a constant D' , 
such that i 

\u k (t)\<^-, t>0. (72) 

The following theorem tells that if we start with analytic initial conditions 
that the solution will remain analytic (in space variables). 

Theorem 19 If for some D, 7 > 3 and a > 

M0)| < yr^ e ~ a|fc| (73) 

then the solution of (Qj is defined for all t > and there exist constants D' and 
a' > such that 

K(i)| < |^e-°'l fc l, i>0 (74) 

Next theorem states that the solution starting from regular initial conditions 
becomes analytic immediately. 
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Theorem 20 Assume that for some D, 7 > 3 and a > the initial conditions 
satisfy 

KWI < ± (75) 

then the solution of (Q) is defined for all t > and and for any to > one can 
find constants D' and a' > such that 

M*o)| < ^~ a ' lkl (76) 

Proof of theorem [l8| : Observe first that the enstrophy of {wfc(O)} is finite. 
Let take Vo > m&x(V({iik}), V*). From theorem || it follows that there exists 
K and D', such that {u/c(0)} belongs to the trapping set N — N(Vq, K, 7, D'). 
Observe that N C W{D',^(), hence we can pass to the limit with solutions 
obtained from Galerkin projections (see theorem |l3|). I 

Proof of theorem |l^: The proof is essentially the same as for theorem [l8], 
the only difference is: we use theorem || instead of theorem EJ. 1 



Proof of theorem [20 : The global existence was proved in theorem 18[ To 
prove the estimate for |itfc(to)| we use theorem || to obtain 



Mi )l < ^ e ~ a|fc|t0 > ( 7? ) 



which finishes the proof. 



Theorem 21 d = 2. J/ uo £ C 5 then the classical solution of NS equations 
such that u(0, x) = uq(x) exists for allt>0 and it is analytic in space variables 
for t > 0. 



Proof: From lemma 14 it follows that the Fourier coefficients of ito, {wo,fe}, 
satisfy assumptions of the theorem |l8| with 7 = 5. Hence there exists a solution, 
{wfc(i)}, of (||) in H, such that Wfc(O) = uq^- 

Let us set u(t, x) ~ X^ e ;2 2 \{o} u k{t) e%kx ■ It is easy to see that u(t,x) is a 
classical solution of the Navier-Stokes system, because the Fourier series for all 
terms in the NS equations converge fast enough (compare proof of lemma ^) . 

From the theorem ^ and lemma ^| it follows that the function u(to, ■) is 
analytic in space variables for any to > 0. I 

The following theorem is an easy consequence of theorem 

Theorem 22 Assume d — 2 and 7 > 3. Let W be any of the trapping regions 
defined in theorems Q and then the Navier-Stokes system induces a semidy- 
namical system on W . 
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7 Trapping regions in 3D 



The goal of this section is to present method by Sannikov and Kaloshin |Q| for 
constructing a trapping region for small initial data. 

Let us state a result, which is not contained in |||], but can be easily obtained 
using the technique presented there. 

We set the dimension d = 3. We assume the force / is zero. 

Theorem 23 For any 7 > 3.5, there exists Dq = Do("/,v) such that for all 
D < D Q , if 

K(0)| < ^ (78) 
then the solution of (Q) is defined for all t > and 

|«*(t)| < jj^, i>0 (79) 

Proof: Let 

W=({u k }\\u k \< (80) 
From lemma || it follows that for {u k } € W we have 



d\u k \ 



< |5> kl |*) n fc - v\k\ 2 \u k \ < - v\k\ 2 \u k \. (81) 



dt - Sir ' K 11 - |jfe|7 

Hence PF is a trapping region if for every A: we have 

D 2 C Q (3,j) vD 



< 0. (82) 



We obtain 



Hence if 



| fc | 7 -i | fc | 7 -a 

< |fc|, /cGZ a \{0}. (83) 



^0(3,7) ,_^3 



then is a trapping region for all projections of the Navier Stokes equations. 
From lemma [l?] it follows that the conditions C1,C2,C3 are satisfied (it is easy 
to see that condition D holds if 7 > 4.) Hence we can pass to the limit with the 
dimension of Galerkin projection to obtain a desired solution. 1 

One can easily state similar theorem for analytic initial condition. 

Let us comment on the Sannikov and Kaloshin result |s) . They constructed 
the trapping region of the form \u k \ < yfc| 2 e _1, ' fc '*, t > 0, where v > 0. The 
methods developed in this paper require more compactness at t = to be 
directly applicable to this trapping region. 
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